The motion of particles and feeding currents created by micro-organisms due to a flagellum are considered. The calculations are pertinent to a range of sessile organisms, but we concentrate on a particular organism, namely Salpingoeca amphoridium (SA) (a choanoflagellate), due to the availability of experimental data (Pettitt, 2000) .
Introduction
In this study we are concerned with the feeding currents and movement of food particles near a sessile micro-organism. The forces associated with flagellar motion are very dependent on the pattern with which the flagellum beats. In order to progress we consider two representative cases. The effect of the flagellum is in general modelled via the consideration of a single stokeslet. The first case is referred to as vertically displaced stokeslets and the second as horizontally displaced. The logic behind this nomenclature becomes more apparent once we have introduced the motivation for the following study-see Figs 1 and 2. Vertically displaced stokeslets have been studied previously in two dimensions, see Otto et al. (2001) . The current work elects to study horizontally displaced stokeslets. It is used to represent the interaction of two adjoined flagella. This often occurs in nature where sessile micro-organisms attach themselves next to one another on the substrate. This situation is pertinent to the specific biological system examined in associated experimental work, see Pettitt (2000) .
Because of the microscopic length scales, coupled to the environment within which these micro-organisms reside, the associated flow is characterized as having a small Reynolds number. The Reynolds number is defined as
where U is a characteristic speed (low), µ is the dynamic viscosity (high), ρ is the density and L is a typical length scale (small). References to the various length scales and velocities
Horizontally displaced stokeslets Vertically displaced stokeslets (a) (b) FIG. 2. An illustration to show how stokeslets can either be horizontally or vertically displaced.
that lead to small Reynolds numbers for a range of problems involving micro-organisms are given in Brennen & Winet (1977) . In these cases modelling the systems and developing solutions for the flow would involve the solution of the Stokes flow equations. These are the limit of the renowned Navier-Stokes equations in which there is no momentum, and consequently the equations are linear. Methods for modelling a flagellum have followed work by Otto et al. (2001) by using the concept of a blinking stokeslet. This blinking is associated with a point force being switched on and off at different locations. Techniques (such as Poincaré sections and Lyapunov exponents) are exploited to gain insight into the behaviour of the system over large timescales. The analysis behind the study examines the fundamental singularities of the Stokes flow equations. We are able to use previous studies, such as Oseen (1927) and Hancock (1953) , to describe the system we will model, see Section 3. We then develop the model and introduce measures of chaos in Section 4. In Sections 5 and 6 we formulate the problem, and discuss our results respectively. Finally, in Section 7 we draw some conclusions on the work contained within this paper and mention other related areas which could be explored.
Biological background
Choanoflagellida, or choanoflagellates, are single-celled nanoflagellates of the phylum Choanozoa (Sleigh, 1973) . They account for a large proportion of the total consumption of bacteria from the environments they live in-such as canals in the case of freshwater choanoflagellates and oceans in the case of marine dwelling choanoflagellates. The choanoflagellate which motivated our studies is Salpingoeca amphoridium (SA): see Fig. 1 , which shows a sketch and a photograph of SA. We should note that SA is a sessile organism and so has a surface of attachment which we necessarily consider when modelling the flow in its neighbourhood. The dimensions of these flagella are of length approximately 15-30 µm and radius of approximately 0·4 µm. For the dimensions of the whole microorganism see Table 1 . Holwill (see Sleigh, 1974, pp. 145 ) provides a table which indicates the orders of magnitude for flagellum dimensions to allow us to calculate the typical Reynolds number. These choanoflagellates are easy to study which makes them an ideal organism on which to perform experiments in order to collate data concerning their feeding habits.
SA is a distinctive organism due to its collar, which protrudes from its cell body. This collar, as we view it, is composed of many fine tentacles (or microvilli) which when photographed give the impression of a crown forming around the top of the cell body. A plan view is given in Fig. 3 showing the way in which the collar extends from the cell body. The collar is very important in feeding as it acts as a filter for particles which come into contact with it through the movement of the surrounding fluid. A number of experiments have been carried out on SA (and two similar organisms) and we reference Pettitt (2000) for comparison with the numerical results throughout this work. Further work analysing the experimental results in relation to the mathematical theories of flow through the collar can be found in Pettitt et al. (2001) . Previous work, Higdon (1979) , has neglected the effect of the collar on particle motion because the influence of this smaller feature was believed to have a negligible effect on the fluid motion. In this current work we also do not include the collar's effect. In some cases, the collar is very small and so we would not expect the flow field to be significantly affected by the collar. The details of biological experiments examining collar filtering depending on collar length and spacing of the tentacles composing the collar are investigated in Pettitt et al. (2001) . The reader is referred to the aforementioned paper for a biological description of how the collar's characteristics affect the flow field. We believe that whilst studying this simple model, it is initially sufficient to consider the net force only, which can be well represented by a single point force. Details of the cell's more complex morphology can be incorporated at a later stage into further models. The collar is observed to provide mechanisms (possibly chemical gradients) for moving the trapped particles towards the 'mouth' situated at the base of the collar on the cell body. The particles will then be engulfed by processes such as phagocytosis. A force is imparted to the fluid due to the action of the flagellum which protrudes from the cell body and has its base situated in the centre of the collar. The stalk is used for attaching SA to a fixed surface and is thought to enable more feeding currents to be generated by moving the effect of the force further away from the retarding solid boundary. Investigations into the boundary effects and how organisms overcome these are studied in Pettitt (2000) . The three organisms studied in those experiments have different dimensions allowing comparison of the feeding currents they create. The stalk is taken to be rigid but actually has a small degree of flexibility. SA also possesses a lorica which surrounds the cell body. This is a basket-like structure which is absent in many choanoflagellates. The lorica is indicated in Fig. 1b . Its purpose is not entirely understood because there are certain choanoflagellates who seem to function perfectly well without it (Thomsen et al., 1990) . It most likely evolved as a protective 'case' for the cell body to reside within. If the stalk is not present, the micro-organisms attach themselves via the lorica to the substrate. The motion of the flagellum induces a velocity field which in turn creates fluid patterns which are the structures in which we are interested. We want to examine the patterns of filter feeding which can develop for various parameters of the problem. If a flagellum created motion of the fluid with no fixed boundary in close proximity-i.e. the organism was not a sessile organism-we would observe stream lines in the near field of the flow which would move past the body in a direction almost parallel to the main flow direction. If we take into account the undulating motion of the flagellum, small recirculation eddies can be found along its length (Lighthill, 1976) . This is equivalent to the cell body swimming through the flow. In the case of SA, we have a sessile organism where the boundary has a large effect on the patterns of the stream lines. We observe toroidal eddies which are created within the fluid around the flagellum due to the interaction of the force with the boundary. In a two-dimensional plane containing the stokeslet, these eddies are seen on either side. The important difference between motile and sessile organisms is related to location of their food source. Motile organisms can seek out a food source, for example using concentration gradients to optimize feeding (Berg & Purcell, 1977) . However, sessile organisms must create enough motion so the fluid rich in nutrients moves within close proximity of their capture region. In Fig. 4a , the fluid recirculates to allow regions of fluid to repeatedly pass through the collar where we can interpret the vertical axis as the approximate position of the flagellum and the horizontal axis as the solid substrate. Stream lines will show the path of the steady fluid flow. The case we are most interested in is when two organisms are situated next to each other and we are modelling their flagella using two horizontally displaced stokeslets, as illustrated in Fig. 4b . These figures are similar to those in Blake et al. (1998) and show the various regions of recirculation which are going to develop around the collar. This indicates where we expect to see a zone of maximum interception of particles, for example. If we begin to move these organisms towards one another and hence bring the forces closer together, the eddies begin to interact with one another. The resulting eddy patterns are slightly more complicated than those indicated in Fig. 4b and the reader is referred to Section 6.5 for more details.
By stirring the fluid in this manner, SA is creating a perpetual flow of particles to pass through the collar rather than just waiting for any motion within the fluid itself to enable particles to become entrapped. This is important for SA, for example, because it can reside within stagnant canals. Hence we can assume no mass fluid flow will occur around the creature. However, this perpetual steady flow does not create the most efficient manner of feeding for SA, because as long as we are assuming no diffusion and no alternative fluid motion, after a certain time SA will have consumed all the food source within its finite domain. Hence we examine the stirring that SA induces to create more efficient methods of transporting particles from further afield to closer to the collar. Molecular diffusion will be very weak when compared to chaotic advection here so the organisms feeding cannot rely on this mechanism alone to bring the particles to the region of capture. These are not the most ideal circumstances for feeding and therefore by examining the process of chaotic advection we look for an explanation of how SA and similar micro-organisms survive.
Earlier studies
The methods used by SA to influence the flow around its body depends greatly on the beating of its flagellum. Previous investigations have been undertaken by biologists and mathematicians including Sleigh (1973); Lighthill (1976) ; Higdon (1979); Fenchel (1986) and Fulford & Blake (1995) , who have considered a range of features covering propulsive velocities, efficiency, optimal beating patterns and feeding currents. These earlier studies have considered a range of flagellum beat patterns. One type of motion which can be explored is helical motion in three dimensions, which has been noted to occur with flagella. Studies have been undertaken by Higdon (1979) who considered this type of three-dimensional motion. Earlier work by Hancock (1953) and Gray & Hancock (1955) also exploited the sinusoidal flagellar motion. These studies and other early works are summarized in Brennen & Winet (1977) . They show how the classical studies first carried out on flagella beats create a basis for the ensuing work which used methods such as slender body theory and resistive force theory. Both these methods have been very important in developing the theory of micro-organism locomotion. We can utilize these methods taking into account forces generated due to the sessile nature of the organisms in the following work.
For sessile organisms or organisms located close to boundaries, we need to consider the influence of the boundary on the resulting flow fields-especially with regard to feeding currents. In this study, the influence of boundaries is accounted for by an image system. Image systems allow us to consider forces and their image so the entire system will satisfy both the boundary conditions and no flow in the far field of a given problem. In this case the condition of no-slip on the boundary near to the force needs to be imposed; this is equivalent to the substrate above SA. We use the work of Blake (1971) who used stokeslets to model the point force near a rigid boundary. This work was then extended by Aderogba & Blake (1978) who developed stream functions to describe flow in regions above and below an immiscible interface between two fluids of differing physical properties, one situated above another. They examined the details of the fluid flow in the two separate fluid regions (i.e. the one above and the one below the surface between the fluids). Allowing the parameter describing viscosity to attain its limit will present us with either the case of a solid surface or a free surface above the point force. For the purposes of comparing experimental results with our theory we are most interested in the case of a rigid boundary. Hence the following sections mostly concentrate on the rigid boundary limit. We examine how tracer particles behave within each fluid region again comparing it to the physical system we are modelling.
Developing the model and measures of chaos
Our studies of chaotic advection were partly motivated by Aref & Balachandar (1986) who studied stirring by looking at how particles are advected by an evolving velocity field. They examined the specific case of fluid mixing in the neighbourhood of two rotating infinite cylinders whose axes are not coincident (but parallel) and whose velocities are turned on and off in a prescribed manner. Studying advection in the time-modulated Stokes flow allowed them to find the stable and unstable manifolds within the flow. They had several different time protocols for modelling the specific Stokes flow, all of which allowed them to examine methods for modelling the flow due to stirring and determine values of parameters, assessing how chaotic the system is. They specifically introduce three types of time modulation for turning their stirring elements 'on' or 'off'. This modulation is dubbed a stirring protocol. The simplest modulation involves first one and then the other stirring mechanism, alternating with each other in a discrete step-like manner. In the case of two cylinders rotating, whose motion would be smooth and continuous, it would not be appropriate to apply a discrete stirring mechanism. However, in the instance of the pulsing force within our model, a function which acts in a discrete manner-such as the delta function-is appropriate due to the nature of the system investigated here. Here the discrete pulse-like modulation we use will help to define a map.
In Blake & Otto (1996) they discussed a model of a blinking stokeslet where the stokeslets they used were vertically displaced, see Fig. 2b . Their modulation used a C 2 continuous protocol (as in Aref & Balachandar, 1986) whereas this paper uses a delta function modulation as given in Section 5. There are a great number of areas where we can apply theories on chaotic mixing, here developed for flagella. The theory may be extended to other flows such as mucociliary transport, ovum transport and peristaltic motion within the gut: see Yannacopoulos et al. (2001) .
By examining where elements within the fluid move to over time gives us the concept of how well mixed the fluid becomes. Consider two passive particles which initially are adjacent to one another. As the flow moves under the influence of the stokeslets the particles will begin to move, perhaps away from each other. These motions of particles or elements within the flow can be examined using several measures. We use the chaotic measures of Poincaré sections, the Hénon index and Lyapunov exponents to give us insight into where the tracer particles will move to in the long term. They give us a mathematical perspective of the amount of particle dispersion which we will observe-see Section 6 for a more detailed summary of each of these measures. Also, by introducing stochastic measures, we will have some insight into the spreading of particles within a region of fluid. These are all important measures as far as mixing is concerned and they allow us to look for the beginnings of chaotic mixing in the flow. The process of molecular diffusion is often important in fluid mixing, but, as before, we assume it to be relatively weak. This assumption can be made because the time scale for diffusion is slower than the time scale for this system, . In a filter feeding environment the generation of a well-mixed fluid is imperative for the organisms' survival.
Experimental work in Pettitt (2000) looks at the effects the flagellum has on capture and retention of particles by various types of choanoflagellate, including SA. By introducing polystyrene microspheres into a controlled environment, particle paths were considered in Pettitt (2000) . One variable examined is the size of the particle within the fluid and whether different sizes of particle have an influence on the degree of capture and retention. The particles are representative of nutrients found within the organism's environment and will therefore give an indication of values of nutrient uptake. This allowed experiments to investigate how diffusion affected the particles because smaller particles are more susceptible to the effects of Brownian motion.
The particle paths recorded in experiments showed how particles of various sizes were influenced by the flagellar motion. This was obvious in several cases where particles would become entrained along the path of the flagellum. Their paths would then proceed to follow an eddy type of pattern for possibly one cycle before it disappeared from vision. Due to the three-dimensional nature of the problem, when viewed via a microscope it was difficult to follow particles for more than one cycle because they frequently moved out of focus. Note that the particles may have more or less time within the eddies, dependent on the size of the eddy they are entrained within. The time is highly dependent upon the length of time SA beats its flagellum for-a time scale which varies from seconds to minutes. The representation of particle paths in Pettitt (2000) indicated that diffusion did not play a major part in the mixing of fluid particles.
Formulation of the horizontally displaced stokeslet problem
We will study an area-preserving map which we use to track the path of a passive tracer in a blinking stokeslet flow field. This tracer will allow us to simulate the motion of a particle within the fluid so we gain some indication of the organism's feeding patterns. By preserving the area we come closer to the actual physical system rather than looking at a mathematically distorted picture of the problem in which the fluid model may not be strictly incompressible. The flow field which we use to model the flagellum is taken to be generated by a number of stokeslets which pulse with distinct periods of operation: see Otto et al. (2001) . The periods of operation of the stokeslets are a train of delta functions which will represent the stokeslet action. By altering the pulsing we apply to the system, we can obtain different regimes of mixing (Aref & Balachandar, 1986) . Mixing is more pronounced for slowly modulating functions as opposed to those where the switching is more rapid, see Blake et al. (1998) . In that paper, due to the inertia free fluid, rapid switching becomes similar to a continuous force (with twice the power) being applied, rather than two independent pulses. The problem in Blake et al. (1998) addressed two-dimensional vertically displaced stokeslets with a two-dimensional flow associated with each. In the present case of horizontally displaced stokeslets we choose to investigate the type of flow we see in reality. Hence the flow associated with each stokeslet is axisymmetric. However, because they are horizontally displaced the flow associated with their composition is not. It is convenient to use two coordinate systems, each with a different origin corresponding to a particular stokeslet, which will be discussed in due course.
Following work by Aderogba & Blake (1978) we model the flagellum and cell-body system as an inverted or 'upside down' problem. Figure 5 describes this particular situation in terms of the coordinate system we will use. We can imagine the stokeslets are situated below the immiscible interface. This is for ease of comparison with previous models, and the work which follows always uses this assumption. Hence the regions of mixing we observe will be within the lower half-plane. By altering the orientation of the stokeslets we can consider the case where the force is acting either towards or away from the boundary. In SA the force acts away from the interface.
We describe the problem in terms of a simple cylindrical coordinate system (r, z, φ). Each stokeslet can then be treated as a reference point for describing the position of a particle within the fluid, see Fig. 5 . We could choose to represent the flagellum as a distribution of point forces. Initially we assume the simplest case and consider one point force as a representation of the single flagellum. This is merely an approximation which is made to simplify the initial problem because it creates a dominant flow very similar to the flow patterns observed for SA. Further work will be able to explore more accurate descriptions of the flagellum. We can then take two horizontally displaced stokeslets to represent two adjacent organisms attached to the substrate. This will allow us to model the effect of the interaction on the motion of any tracers within the fluid. In this specific case, we take two distinct point forces acting perpendicularly to the boundary in the lower half-plane. The numerical methods we use mean that we consider two coordinate systems whose origins are situated on the generators of the stokeslets. A passive tracer particle within the fluid can be tracked during its movement under the influence of the force by either of the coordinate systems. Both coordinate systems are required to enable the force of the stokeslet to be felt with the correct magnitude and direction by the particle. The coordinates will also allow a reduction to axisymmetry for each stokeslet.
The stokeslet is described by a velocity and pressure field associated with a point force. We show here the orientation we will use-the horizontally displaced stokeslets situated in the lower half-plane. In this case, the stokeslets lie in the plane x = 0 whilst the mean position of the fluid interface is at the plane z = 0. r 1 and r 2 are vectors in the plane which is parallel to the x-y plane and contains P.
If this point force was to act at the point y, then the solution to the equations
yields the pressure, p, and the velocity, u, which give the fundamental singularity of the Stokes flow equations known as the stokeslet. We define the other constituents of the equation as: δ(x − y) is the delta function indicating in this case that the force, F, only acts at the point x = y. Finally, µ is very important in this problem as it defines the viscosity of the fluid, and will allow us to examine the limiting cases previously mentioned and referred to in greater detail within this section. The solution obtained, for example via the method of three-dimensional Fourier transforms or other techniques, is
in the case where y = 0. For further details of deriving this result the reader is referred to Blake (1971) . The flow created by each vertically orientated stokeslet is an axisymmetric flow field in this case. This particular solution could correspond to the case of a motile flagellum and does not include a boundary to restrict the flow. Using the mathematical device of an image system, we have a method of incorporating the boundary effects as well as those of the stokeslet into the problem. A force acting near a boundary will naturally involve a set of boundary conditions which must be satisfied so the fluid does not slip along the interface (or pass through it). The method used in Blake (1971) introduced Green's functions so the influence of the wall on the fluid in both the near and far fields could be properly interpreted. This idea is incorporated into the work of Aderogba & Blake (1978) who looked in detail at the action of a force situated in the lower of two semi-infinite immiscible fluids. This is where we begin to develop the model for our problem, based on a force below an interface. Aderogba & Blake (1978) introduce the stream functions relevant to their problem for the particular coordinate system they used. They are considering one point force below the interface only. However, we have distinct periods of operation for each stokeslet, hence we have to transpose the stream function dependent on which stokeslet is acting. As well as this transposition, it is important we introduce a coordinate transformation to enable us to look at an area-preserving map. The area-preserving nature of the map, as mentioned at the beginning of Section 5, will allow the results to be taken in context of the actual flow. Without this, there would be no qualitative comparison of the numerical with the experimental data because the flow would no longer be incompressible. The transformation of the coordinates is given as η = r 2 /2 and z = z, so that the new coordinates are (η , z , φ) (which are still cylindrical), where these are defined relative to each stokeslet. In this coordinate system, we see from Fig. 5 that because r 2 = x 2 + y 2 , then η = (x 2 + y 2 )/2. As is indicated in Fig. 5 , we can see that the stokeslets lie on x = 0 and are situated equidistant from y = 0. It is this coordinate system which we must translate to determine the individual effects of the stokeslets on the particle. We non-dimensionalize the system taking L, the mean height of the stokeslets above the plane, as the typical length scale and T , the period of the flow, as the typical time scale. In the new coordinates we can state the stream functions as: for z < 0 (the region where the stokeslets are situated)
(1) and for z > 0
where α = F T/4π hµ 1 , θ = µ 2 /µ 1 and h is the non-dimensional location of the stokeslets (see the Appendix for details). The parameter α is used to represent the varying strength of a stokeslet but also includes the effects of length, time and viscosity. In our case when α is positive we have the stokeslet acting in the positive z direction (towards the interface below which the stokeslets are situated). The other variables are defined as µ 1 -the viscosity in the lower fluid, µ 2 -the viscosity in the upper fluid, F-the force balance required when we are considering forces acting normal to the interface and h-the distance the stokeslets are situated below the interface. A typical stream function we see is represented in Fig. 6 which shows the flow patterns above and below the interface. We can consider limiting cases in terms of the ratio of the viscosities. Our main concern is the region z < 0 where the flagella are taken to be located. For θ → ∞, i.e. µ 2 /µ 1 → ∞, we obtain the case where the immiscible surface is a rigid no-slip wall due to µ 1 µ 2 representing the fluid above being virtually solid and hence the interface acting as an inflexible surface. For θ → 0, i.e µ 2 /µ 1 → 0, we have µ 1 µ 2 so that the surface above acts like a free surface. As noted in Aderogba & Blake (1978) the case of θ = 1 will not reproduce the case of an infinite fluid. This is because we need to consider the distribution of normal stresses over the interface at z = 0 which must satisfy the requirement the normal velocity is zero there.
The method of working with blinking stokeslets is now incorporated into the study. We are going to look at only one type of temporal variation where the time each stokeslet is active is equally divided. We know that the radial and the vertical velocity of the tracer can now be expressed in terms of stream functions-the stream function used being naturally dependent on the region of fluid the tracer is situated in. The velocities are given as
where the subscripts denote the direction the velocities act in. Notice that because ∇ · u = 0 the fluid is incompressible.
To determine the position of the tracer when it has been acted on by two blinking stokeslets we initially need to find the position of the tracer relative to the first stokeslet by using cylindrical coordinates. The first stokeslet will act for an instant only, at time T 1 say, and then there will be no stokeslet acting until time T 2 when the second stokeslet acts. The second stokeslet will determine the new tracer position, and because both stokeslets have acted we say that the tracer has moved through one iteration of the system. We will later define this as a map. Notice that each 'blink' of a stokeslet occurs at a distinct time and that they are switched on and off instantly. It is now necessary to define this mathematically.
In experiments it is noted that the helical motion of the flagellum persists over a finite period and then ceases. Due to the nature of the flow (that is Re 1) we can neglect momentum and hence we model the overall effect of this rotation as an upwards force, also operating over a finite time. In nature this cessation may well be so that the organism can recover from its activity, but nevertheless it does operate over finite periods interspersed with periods of inaction. The micro-organism SA does not move its flagellum as much as other organisms (such as Vorticella: Blake & Otto, 1996) . However, it has been observed that the eddy structure is unsteady and this will promote chaotic advection. In this paper we have endeavoured to model this unsteadiness via the inclusion of a periodically moving stokeslet. The flow field associated with a point force is similar to that found to occur in the neighbourhood of a helical flagellum, in that a large toroidal eddy structure is created and the actual effect of the helix is minimal. The global effect is that of a point force directed up the core of the helix.
In our case, as in Otto et al. (2001) , we want to reduce the description of the system to a map and so pulse the stokeslets with a δ-function form. The use of the delta function is purely for the construction of a map. This is preferred over a continuous protocol, which was exploited in Aderogba & Blake (1978) ; Blake & Otto (1996) and Blake et al. (1998) . Comparisons are commented upon in Otto et al. (2001) and qualitatively similar results are found from the delta function and continuous protocols. This δ-function shows the temporal variation of the stokeslets and is taken to be
where n ∈ Z and 2T is the period of the system. Here the right stokeslet pulses at time t = T /2 and the left at t = 3T /2, and so on for subsequent periods. Therefore no force is acting in the time periods which are the distinct intervals between each pulse which acts at times (2n + 1)T /2, n ∈ Z. This is represented graphically in Fig. 7 where the 'spikes' show when each stokeslet acts.
The pulsing action will resemble the effect the flagellar beat would have on the fluid. An increase in the parameter α describing the force corresponds to both increases in force strength and the period of the switching between the stokeslets. We can interpret this in a biological scenario as looking at the interaction of various frequencies of flagellar beat. The paragraphs following (1) and (2) describe the parameter α in greater detail.
An implicit map is determined from an explicit map (such as that in Orme, 2000) by altering the point at which the map is taken to act. It is necessary to have an implicit map because it will be more stable to use in our numerics than an explicit map. This will be important when we are considering the advection of points within a flow where we require them to be stable so the flow dynamics can be determined. We consider two steps in the implicit map which will give the full map. The combined effect of the total 'pulse' will eventually move the tracer to the (n + 1)st position. The full map is defined as M where
taking the position of the tracer through one action or iteration of the system. Hence we have the map R 1 where
This gives an implicit map which acts on the nth position of the tracer to induce the effect of the first stokeslet. This specific map given is only one of three cases we could have considered. To make the map implicit we have merely chosen to alter the point where the map acts so that we now consider an intermediate point too. We could have incremented the z -coordinate here so that the map was implicit in z , or equally we could have considered the η -coordinate so that our two-step implicit map would use the intermediate coordinates ) and in that case the map would be called implicit in z . In some situations it is possible to decide which map to use via physical arguments. However, here we choose to exploit the midpoint map. This map, called the Poincaré map, represents the most formal treatment of the inherent discontinuity by using the mean of the left and right limits (as would be exploited in a Fourier series evaluation of a discontinuous function). The implicit midpoint map, R 1 , moves the tracer to halfway through the map such that
).
To complete the motion induced by the pair of stokeslets we require the map R 2 to move the tracer relative to the second stokeslet and give its final position completing the map as
We incorporate the change to the map R 1 to create map R 2 via the coordinates of the stokeslets. As the second stokeslet 'pulses' we apply a change of coordinates from (η , z , φ ) to (η , z , φ ) where
with (x, y, z) being the position of the tracer. We call this map in (η , z , φ ) R 2 where
and it describes the motion of the tracer from (η , z , φ ) to (η , z , φ ). Notice that because the stokeslets create an axisymmetric flow, then when we are in the plane containing the stokeslets the angles φ will be the positive or negative of the previous angle. For example, in the plane of the stokeslets where we consider φ to be measured from the positive x-axis, the angle will be ±π/2. Hence if the tracer begins between the two stokeslets then φ . The full map could correspond biologically to one beat of the flagellum, for example. Another situation which it would describe is the interaction of two adjacent flagella beating. Notice that we are looking at the axisymmetric case here whereas in reality the particles will not always begin within the same plane as the stokeslets. Section 6.5 describes this three-dimensional situation which we would find in nature, in more detail. The map which has been introduced will allow the construction of Poincaré sections which can aid the identification of chaotic regions. The midpoint map will indicate whether we have a system which shows a tendency for chaos or not. We are interested in identifying the strength of the force (and the other parameters in the problem) which will provide us with the optimal mixing in the inertia-free environment which SA inhabits. The mixing is restricted by the finite energy which is present within the system. Being able to compare the theoretically predicted results with the experimental results, we will validate the model and provide insight into how SA actually feeds along with the methods it uses to optimize feeding. Other chaotic and statistical measures, mentioned previously, will also help us to determine which regions see the most mixing, and if there are regions which are characterized by poor mixing.
Results

Poincaré sections
Using the information from the maps which have been previously defined (3)-(5) we can numerically compute Poincaré sections for various parameters. By altering θ -the ratio of the viscosities-we can look at the limiting cases of the substrate above the point force. Equally, altering |α| will allow us to examine changing both the strength of the force and also the pulsing frequency of the system. This is because an increase in |α|, for example, will create either a stronger force or a less rapid pulsing (because it is equivalent to varying the period of the system). This is explained in detail in Section 5.
We start by considering points within the plane in which the stokeslets dwell. The system has two spatial and one temporal dimension. We form a Poincaré section by considering the intersection of this space with the plane defined as t = nT , n ∈ Z. Hence M is in effect a return map. Poincaré sections are generated by progressing a number of particles or points forward through time. The particle's position after each period of the map is indicated via a dot on the Poincaré section. In this case, the numerics that were involved to plot the Poincaré sections had to solve equations given as the maps R 1 and then R 2 to determine the next position the tracer moves to. By using the Poincaré section and various mathematical techniques, explained in due course, we can determine the periodicity of the map, areas where mixing will tend to occur due to the integrability of the system and bifurcation values of the system.
The periodicity of the map is indicated by structures called islands which are composed of many points. Referring to Fig. 8d we can see six of these islands which denote a collection of many points which compose these islands. Because there are six of these islands, then each point must move through six iterations of the map before returning to the proximity of their initial position. The central point is described as a point of period six. The period will change for the map dependent on the parameter values we are using to describe the problem, such as the period of blinking of the force. For example, in Fig. 8c where the parameters are different to those in Fig. 8d , more island structures are observed. Centred at each island is an elliptic point which we associate with a rotational motion. These points are not likely to move far from their initial position over time and hence are not associated with good mixing since these islands are representations of a KAM torus which is a bounding surface. Between the elliptic points, however, are situated hyperbolic points which show stretching away from their initial position over time. The hyperbolic points have the same periodicity as the elliptic points between which they are situated (again indicated via the number of island structures present). When we have these hyperbolic points we tend to find good mixing. This is due to the intersection of stable and unstable manifolds occurring at such points. Section 6.3 gives more details on determining elliptic and hyperbolic points via the Hénon index.
The Poincaré sections can indicate, via their appearance, the level of integrability of a system. An integrable system is one where we can see smooth solid curves, such as Fig. 8a . When the system becomes non-integrable then the lines on the Poincaré section become broken and dotted as in Fig. 8d . Even in this figure we can still identify both regions of scattering and regions of integrability so the system is not completely or globally chaotic. However, there are critical values of the parameters which tell us when the system bifurcates (that is the central fixed point becomes hyperbolic in character). Finding the bifurcation value for α tells us above which value of α we have a chaotic system for every value of θ .
We present a series of examples of Poincaré sections which illustrate varying degrees of chaotic behaviour. They will show continuous lines-and consequently KAM tori-and broken lines, see Ottino (1989) . As mentioned above, these continuous closed lines (KAM tori), the interior of which contain islands of points, act as limiting curves constraining the points from escape. Notice that the Poincaré sections we illustrate are comparable with Fig. 9 which indicates another measure of stretching, the local Lyapunov exponents. It is important to note that the internal eddy structures are not visible on the included Poincaré sections due to the axes beginning from the line of the generator of the right-hand stokeslet. Figure 8a shows near-integrable or regular regions indicated by the solid lines. This is explicable due to the small value of α indicating either a small force or a small period associated with the pulses (i.e. the case similar to a continuous force acting). As α is increased, Fig. 8b , the solid (integrable) lines are still visible, but are more confined on examination of the scale of the axes. There is a limiting contour, outside of which particles sit on islands which are still bounded to some extent by continuous curves.
The final two figures show increasing degrees of chaos. Figure 8c shows how particles in the neighbourhood of hyperbolic points from between the elliptic points are being stretched away from the central fixed point. Finally, Fig. 8d shows how the points no longer FIG. 9 . The figure shows the local Lyapunov exponents (LLE) for horizontally displaced stokeslets with the greyscale bars indicating the value of the LLE. The parameters of this case are given by α = 1·1 and θ = 10 6 with stokeslets positioned at (0, ±1, −1). Notice that due to a high CPU time, only one-half of the z < 0 plane is shown due to symmetry. remain close to the central point and tend off to infinity. The break-up of the final KAM tori is often called the transition to global chaos. This is when the central elliptic point finally becomes hyperbolic: see Otto et al. (2001) for further references.
There is a limited amount of data which these diagnostic tools of Poincaré sections can give as regards the mixing of any system. The Poincaré sections reveal the long-time behaviour of the flow for the parameters given. At a glance they indicate how the mixing characteristics vary as we change the parameters describing the flow. Eventually, for large enough α we shall see the island structures disappear and the final elliptic points become hyperbolic. Hence they move from rotational to stretching points, see Jana et al. (1994) . Notice that Poincaré sections cannot give us any information relating to the rate of mixing. We introduce other measures of chaos which will confirm our initial hypotheses which are gleaned from the Poincaré sections.
Although Poincaré sections indicate spatial locations from which particles are likely to become well dispersed, they are also computationally expensive to generate-many time steps have to be taken before we produce the sections included. It is therefore important to note that an aphysical number of periods have to be executed in relation to the experimental observations before we arrive at the useful data. This is because in biological systems there is only a finite amount of energy which can be used to generate the flagellum beat and hence a limited number of periods.
Lyapunov exponents
Lyapunov exponents (LE) and local Lyapunov exponents (LLE) are used to determine the stretching of a flow as in Otto et al. (2001) ; whereas the Poincaré sections show a picture of the behaviour of the flow as time evolves, a diagram to illustrate the LE will give a measure of the stretching we see from a particular region. The stretching may be large after a certain fixed time scale which would indicate extensive mixing within that region of the system. This would be characterized by a large LE. If the exponent is small the flow is mostly rotational in that region, showing little divergence from the initial conditions. This is explained further in Ottino (1989) who notes 'positive Lyapunov exponents imply an exponential rate of stretching of material elements, and hence, good mixing'. However, to reach a limit which would allow us to determine this measure requires a prohibitively large number of iterations of the map, which is often not realistic in physical systems. We would ideally like the system to reach a well-mixed state within a small number of periods, without having to exert prohibitive levels of forcing (which corresponds to a large expenditure of energy).
By examining the LE we can determine areas where the mixing is best. We define the LE as
where δx is the deviation from an orbit of the system and · gives the length of this vector. Here δx (0) is the vector of initial conditions and δx(t) is the deviation from this initial state at time t. This is called the infinite time LE, see Eckhardt & Yao (1993) . It is not always the best measure to use in practical circumstances. This is because we will be more interested in how the fluid mixes over a shorter time scale, as previously mentioned. For this purpose we define the finite time LE as
which is also known as the LLE. We have x 0 as the initial point of a trajectory and δx as the divergence of a nearby orbit from this trajectory. In the same way that the LE was the average rate of stretching of the fluid over an infinite time, the LLE gives the average rate of stretching after a finite time t. The LLE depends on both space and time. We can consider the LLE as attaining the limit of the LE in ergodic regions as t → ∞. This means that any starting point in the system should ideally visit every point in the domain and consequently the spatial and temporal averages are equivalent. Since the tori confine the particle paths, then the points only have a finite domain in space and hence eventually move to every point within that domain.
The LE and the LLE are calculated by advancing two adjacent points forward in time and by looking at the distance between the points. Both exponents are related to the eigenvalues of the Jacobian of the map for an infinitesimal separation. It is obvious that, as the distance increases, the LE and the LLE will get larger indicating more stretching due to the points moving apart. The points which remain close together-for example elliptic points which do not experience much stretching-will have a small LE or LLE. By calculating the Jacobian at each step as we move forward in time we can determine the logarithm of the eigenvalues allowing us to average over finite time to calculate the LLE. Figure 9 shows us the LLE in half of the plane around the right-hand stokeslet. A region of interest is the area at the centre of the eddy where there is little stretching-due to a larger number of elliptic (rotational) points. Outside this region we can see folds of lighter regions indicating that hyperbolic points are situated there. This means that tracers starting in these regions are more likely to move further from their initial location, and from their neighbours. Consequently there is a greater opportunity for mixing to occur.
Along with the LLE, another measure we could investigate is that of the geometry of stable foliation lines (s-lines) (Tang & Boozer, 1996) . These s-lines indicate to us where rapid diffusive transport will occur through the LLE. Tang & Boozer (1996) find that diffusion is impeded if the LLE are small along the s-lines. This is illustrated diagrammatically as a sharp bend in the s-line corresponding to a dip in the LLE. More importantly, these sharp bends indicate barriers to diffusion. Comparisons of the LLE and s-lines are given in Otto et al. (2001) , and illustrate where the s-lines correspond to small LLE.
The Hénon index and bifurcation
The Hénon index tells us about the bifurcation of the system for area-preserving maps. The bifurcation of the system is an important measure because we are ideally interested in determining the type of flow which will create the best mixing. If we have information on when the flow becomes more unstable then we will be able to look at how particles will be affected. Along with the other chaotic measures, this gives great insight into the characteristics of the flow.
Examining the map which is implicit in z there are certain features we are interested in. By looking at the Jacobian, J, of this map, we can see that the map is area preserving, that is det(J) = 1. The definition of the Jacobian is given as
Therefore, the Jacobian of the map R 1 is given by
where we have defined Φ = ψ 2 ηz −ψ ηη ψ zz , and all the terms are evaluated at (η
Notice that this is the Jacobian for the map R 1 only, and not the whole map, M. Considering the Jacobian of the map we can easily determine the condition that will tell us where the bifurcation value of α occurs, i.e. when the central elliptic point becomes hyperbolic. Notice that because we are interested in the bifurcation of the central elliptic point, then we will use this point to determine the Hénon index. Along with the knowledge that for an area-preserving map the determinant of the Jacobian is unity, we also know that the determinant of the Jacobian is equal to the product of its eigenvalues λ 1 and λ 2 such that λ 1 λ 2 = 1.
If λ 1 , λ 2 ∈ R then the local action of the map is one of stretching and contraction since
where λ * i is the complex conjugate of λ i and |λ i | 2 = 1; both λ i and λ * i lie on the unit circle. Now if we determine the characteristic equation for the Jacobian we have In order to determine the structure of the fixed points, it is first necessary to find these points. We construct a simple routine which effects the calculation
This operation is implicit, involving the use of two-dimensional Newton-Raphson iteration, and the routine is called j-times. We further exploit a two-dimensional iteration to determine values of x n such that x n = x n+ j , thereby determining points of period j. In Fig. 10 we present results for j = 1, that is fixed points, which are found within the KAM tori. Associated with these fixed points we can construct the idea of linear stability associated with the local Jacobian. Figure 10 depicts the value of α as a function of the ratio of the densities θ at which this central fixed point changes from being elliptic (so that there are KAM tori enclosing substantial areas) to being hyperbolic in which this structure is destroyed, although there will always be islands of integrability. As θ increases, tending to the rigid limit, the value of α at which the central fixed point bifurcates tends to a finite limit. Interestingly, the midpoint map predicts a larger value of α for all θ , allowing us to presume that this map is more stable which is in accord with Otto et al. (2001) . These are the variances in the r and z directions after n iterations of the map. In each case we would expect the variance to obey a simple power law, the power being representative of the level of diffusion: the system is said to be subdiffusive for powers less than one and superdiffusive for those greater than one. In the above equations, the symbol · is taken to be the mean of the quantity over all the points in the block. Hence we use logarithms to determine the effective diffusions, such that
It is also possible to calculate the covariance σ r z , although in this case enough information can be gleaned using the variances. Determining whether the system is sub-or superdiffusive is dependent on whether β is less than or greater than one. Figures 11a-c show different cases of diffusion which can occur for various parameters of the system. Figures 11a and b indicate two cases of subdiffusion. We can relate these two graphs to the Poincaré section which is given in Fig. 8a . This is because the case of subdiffusion would be illustrated by continuous lines on its corresponding Poincaré section. Therefore our model shows that we have no enhancement of mixing in this case due to chaos. In the third subfigure, we see the superdiffusive case where the 'diffusion' parameter in both the horizontal and vertical directions is greater then one. If we related this to a Poincaré section it would be Fig. 8d which shows the stretching within the system that enhanced diffusion creates. This case illustrates how the model now displays more diffusion than is usually present, by the inclusion of chaos. Notice that if the model represents the real-life situation with a great degree of accuracy, we could infer the types of diffusion we would see in various in vivo cases. The reader is referred to Section 7 and Pettitt et al. (2001) for further details.
The model can also be modified to account for the diffusion which can be present in such a system. Rather than solving the problem of the advecting fluid alongside that of diffusion, we can incorporate white noise into the advection problem. The white noise then represents the motion the particles experience due to molecular diffusion and it can be shown that this is equivalent to solving a diffusion-advection equation (and can be thought of as a Wiener process). A full and detailed description of the results can be found in Otto et al. (2001) and the references contained therein. The white noise terms take the form of identically distributed Gaussian variables with the amplitude equal to 0·01 which represents the inclusion of noise.
The three cases where we have calculated the diffusion in Fig. 11 can be compared to Fig. 12 which now includes the white noise term. Unsurprisingly, the addition of white noise significantly increases the levels of diffusion. The values of both β r and β z are higher especially in Fig. 12b (compared to Fig. 11b) where the system becomes superdiffusive as opposed to only subdiffusive without the inclusion of noise (or with only natural diffusion).
Three-dimensional results
In our axisymmetric model, we considered slices of the three-dimensional space when generating results. However, we can glean further information from the system by creating a flow within three-dimensional space-i.e. following tracer particles beginning their paths off the vertical plane containing the stokeslets. In three dimensions the coordinate system provides three degrees of variation and so we do not need to look at the time dependence of the stokeslets to observe chaos. Figure 13 gives an interpretation of a Poincaré section for a particle which is initially located off the plane within which the stokeslets lie. The figure shows the plane which the stokeslets lie in attracts the particle in this particular case. We now proceed to explain how particles located in certain regions of space are attracted to the plane whilst others are repelled.
Considering particles whose initial positions are slightly displaced from the y-z plane, within which the stokeslets lie, we examine the flow direction of the tracers. As well as considering motion of particles which began close to the plane, we will later show results for particles lying initially further away from the stokeslets.
We show graphs to illustrate the attracting and repelling properties of the y-z plane. By investigating the displacement of an area of points over several iterations of the map, we can begin to understand the general flow direction. The area of the plane above the stokeslets will attract particles who initially have the modulus of their y-coordinate less than the modulus of the stokeslet's y-coordinate. For those particles which begin with the modulus of the y-coordinate greater than that of the stokeslet's y-coordinate modulus, but close to the y-z plane (i.e. x small) we see a trend of motion away from the y-z plane, usually followed by an attraction back towards it once the particles have begun to feel the influence of both the stokeslets. In these regions, although the velocity may be small, the stokeslets still have a marked effect on the direction of movement of the particles. We illustrate this in Fig. 14 from its initial position adjacent to the y-z plane. Notice that we only show a quarter of the region due to the symmetrical properties we observe in three dimensions. We then see the stokeslets affecting the tracer as it begins to move back towards the y-z plane in which the stokeslets lie. This motion is indicated by the large loop in the figure.
Numerically we see the tracer moving close to the plane and then remaining an infinitesimal distance away from the plane due to the perpendicular velocity to the plane (in the x-direction) always being negligible. This agrees with the analysis because we know that the only method by which the particle can reach the plane is if it travels along the axis of the stokeslet. The fact that there is no velocity moving particles off the plane has enabled our earlier study in the y-z plane i.e. the axisymmetric case. We find the value of the velocity from the known stream functions allowing us to calculate the velocity in the radial and vertical directions. By transforming coordinates from polar to Cartesian, we then determine the velocities in the direction of each axis.
Determining which regions of the y-z plane are attracting or repelling particles is determined by the velocity direction. For x close to zero, the leading-order term in the Taylor series expansion of the velocity is zero. Hence, by examining the first-order term in the expansion it is possible to determine what happens close to and on the y-z plane. We find that above an approximately horizontal line through the stokeslets, the first-order term is negative-indicating an attraction to the plane. Below this 'line' we find the opposite, and particles are repelled. This line does not remain even approximately horizontal after passing to the right-or left-hand side of the stokeslets though. It begins to curve upwards, tending towards the y-axis. This indicates that particles starting further outside the stokeslets and whose paths begin close to x = 0 are likely to be repelled away from the y-z plane. Overall, more particles are likely to be attracted to the plane when they start from inside and above the stokeslets.
In the same manner as for the previous Poincaré sections, it is also necessary to interpret particle paths for various values of α in these Poincaré sections. The parameter, α, determines both the force of the stokeslet and the speed of switching between them. FIG. 14. Particle paths in three dimensions. The first figure has the initial point starting above the stokeslet's position and shows how it spirals into the y-z plane. The second figure has the initial position below the stokeslet and when this point spirals into the plane it settles on an eddy between the two stokeslets. In the case of the first diagram the eddy was on the outside of the stokeslet (away from the x-axis).
Initial calculations examined both stokeslets turned on simultaneously which is equivalent to the case α → 0. To investigate the effect of switching between the two stokeslets we increase the value of α and now move to an alternative numerical approach which allows us to combine the stokeslets. Since x is not equal to zero for the points we are studying, i.e. we are not considering points within the plane of the stokeslets any more, we look at the actual value for the velocity in the x-direction which we have determined from the stream functions. From our earlier study in Section 5 where the position of a point was in terms of (η, z, φ), we notice the value of φ will now take on values other than ±π/2 because we have moved off the y-z plane. This produces the graphics shown in Fig. 14 . Notice that as well as looking at particles which are initially placed close to the wall (where x is small), we wish to consider particles initially much further away, i.e. larger values of x.
Finally, it is necessary to clarify the complex structures that are likely to be seen when we vary the position of the stokeslets. In this section, we have positioned them both a nominal distance of one unit below the z-axis. (We look at stokeslets a distance ±1 from the x-axis too, but it would be equally valid to increase or decrease this distance to investigate the affect on the flow field.) We need to consider what will happen when we move the stokeslets further apart or closer together. As we move the stokeslets closer together, the two eddy structures will disappear once they merge together and we find eventually only one structure of the type associated with a single stokeslet. As the stokeslets are moved apart, we find that the flow around each is less affected by the other, and again get the individual eddies forming once the stokeslets are sufficiently far apart. If we consider Fig. 15b we can see the effect of the proximity to the stokeslet in the stretching that occurs to the eddies see (Blake et al., 1998) This adds validity to the analysis which we have given in the previous sections where we have considered the axisymmetric case of horizontally displaced stokeslets. The twodimensional results we have generated are important to the biological context because of the environment the species inhabit. It is unusual for the organism SA to live in isolation and they are often found congregated together creating a long string of microorganisms. Note that although for each organism alone we examine the two-dimensional flow associated with it, i.e. because particles within a plane passing through the organism remain within that plane, when we are looking on the scale of many organisms, they will create larger toroidal eddies. This is why we need to examine the three-dimensional particle paths because the flow will not stay within two dimensions. We can say that the particles are influenced by the plane in which the flagella lie and so ultimately they will attract to that plane as the three-dimensional study has shown.
Discussion and conclusions
We have examined mixing at low Reynolds numbers through the introduction of a pulsatile force which allows a comparative study for various biological systems. In particular, on comparison with Pettitt (2000) we see that the fluid flow around various choanoflagellates mimics the patterns of the stream lines. The particles will only trace out such a path for a limited period of time-typically one 'orbit' of the stream line-before being lost. This indicates the differences between the qualitative theory developed for general time and the actually very short time scale over which observations can be taken.
Observations from experimental results indicate that particles do follow an eddy structure-albeit for a limited period of time. This can be due to interference from neighbouring flagella or some degree of diffusion when the particles move into a region which does not feel a strong influence of the flagellar force. The model represents the original problem of modelling the flow fields around SA accurately when we compare the flow fields from Pettitt et al. (2001) with the streamlines reproduced in this work. The model is simple-neglecting the collar and having a point force representing the flagellum, but does show the importance of the chaotic mixing process. The collar in many organisms is often too small to significantly affect the flow field around the cell body. Higdon (1979) has modelled the collar as a flat disc, so this may be an improvement for later work.
We found in our theoretical results, especially the Lyapunov exponents, that regions away from the central core adjacent to the flagellum were regions from which the particles had a greater tendency to diverge from their initial locations. This inferred the effects of both the flagellum force (or in our case the point forces) were allowing movement of particles from one path to another in the far field. Because this effect increased with α it also indicates that a larger time interval between forces-corresponding to a greater time between flagellar beats-promotes better mixing. This could be due to the effects of Brownian motion in the far field too, which was observed to cause the movement of particles between eddies.
The degree of mixing suggested by several of the theoretical results are in agreement with one another. The regions around the central eddy have less mixing and are mostly areas with elliptic (rotational) points indicated on the Poincaré sections. If we increase the force of the stokeslets or the time step between the pulses we see better mixing, indicated by a greater number of hyperbolic points. This type of regime is much more beneficial for organisms living in very slow flowing fluids because the organisms use chaotic advection to effectively move particles closer to the collar. Investigation into the separation distance between the stokeslets (along the horizontal axis) produces varied results as a consequence of the interaction between the forces and the boundary. The closer together the stokeslets move, the more complex the eddy structures become due to the coalescing of the tori associated with each individual stokeslet. This effects mixing by allowing greater chaotic advection due to the interaction between the stokeslets.
Comparison with Otto et al. (2001) indicates good agreement between the two-dimensional problem and this axisymmetric case. We observe similar barriers to diffusion generated via LLE whilst the investigation into bifurcation values of the map suggests comparable values. Using the midpoint map aids the stability of the solutions from the map as is shown from the graph of bifurcation values of α.
Along with Pettitt (2000) we can state that the type of force (strength and pulsatile nature) which we associate with the flagellum and the length scales (height above substrate and length of flagellum) affect the mixing. Poincaré sections given for various parameters and the LLE support these comments. Pettitt (2000) observes variations of flow patterns between different organisms. These would be interesting to study and could be incorporated into research by varying parameters to represent the various species of choanoflagellate. Stream lines-such as those in Fig. 6 -indicate that these parameter variations do show alternative flow regimes, see Pettitt et al. (2001) for details. Hence we expect to see different regions where mixing is pronounced. Optimum levels for height above substrate, length and strength of flagellum are detailed in Pettitt (2000) and Pettitt et al. (2001) .
Developments to this work would involve looking at the three-dimensional model of a flagellum. A distribution of stokeslets increasing in strength to mimic the flagellum force can be considered to determine the degree to which the sinusoidal nature of the parameters affects the chaotic nature of the flow. We would then be able to compare results for the point force representation of the flagellum to the model exploiting the whole range of motion. Estimations of the degree of mixing for the physical system may be derived.
